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Abstract

Equational problems are fundamental in computer science, frequently arising as subproblems in areas such as program anal-
ysis and learning from examples and counterexamples. This talk examines equational problems in languages with binding
operators, formulating them within the nominal framework as Nominal Equational Problems (NEP). Solutions to NEPs are
obtained by applying simplification rules defined within nominal logic.

A key focus of the talk is the role of generalisation, a core operation for systems that learn from background knowledge and can
itself be specified as an NEP. By leveraging anti-unification techniques, such systems can discover reusable program fragments
by computing a least general generalisation (lgg) — sometimes called the most specific generalisation — for a collection of terms.
This provides a principled basis for structured learning from examples.
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Verifying Progress in Cyclic Reasoning (and in Research)
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Abstract

Cyclic reasoning, in which induction is managed implicitly, is a promising approach to automatic verification. The soundness
of cyclic proof graphs is ensured by checking them against a trace-based Infinite Descent property. While deciding Infinite
Descent is PSPACE-complete in general, its cost varies sharply with two natural parameters: the number of graph vertices and
the vertex-width that bounds the components tracked simultaneously. To gain speed in practice, one can trade completeness
for efficiency. Cyclone follows this strategy: it layers several fast, but necessarily incomplete, semi-decision procedures for
Infinite Descent atop a complete exponential fallback. These alternative algorithms are developed and benchmarked, and
Cyclone is shown to deliver substantial runtime gains on real workloads. This talk outlines the theoretical landscape as well
as the practical improvements and their empirical impact. We also briefly reflect on how we, as researchers, can use Infinite
Descent for managing the inherently (often frustrating) cyclic nature of research itself.

Women in Logic 2025



Women in Logic 2025

Automata and Logics over Nested Data
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Abstract

Automata and logics over infinite data are widely studied due to their effectiveness as tools for verification, database theory
and programming language semantics. We focus on automata and logics over nested data, which additionally model parent-
child relationships between data values. Existing models focus on bounded depth nested data. We extend the ideas to
unbounded depth nested data, introducing two new models of nested data automata. Furthermore, we relate these models to
well-structured transition systems to prove decidability of emptiness of these automata, and explore their closure properties.

1 Introduction

Automata over infinite alphabets are extensions of classical automata, whose input consists of data words.
These words consist of symbols (a,d) where a € ¥ is a letter from a finite set, and d is the data value,
which comes from some infinite set D. These automata and their corresponding logics are widely studied
in computer science, as the unbounded set D allows us to model various sets that arise naturally. This
includes modelling attribute values in database theory, unbounded agents in verification and fresh variables
in programming language semantics.

Our focus is on class memory automata (CMA) [2], which for each data value d € D, keeps track
of the state at which it last saw d. This extra information is used when deciding the next transition.
Furthermore, a CMA has a set of locally and globally accepting states, and it accepts a word if and only if
the current state is globally accepting, and the data was last seen in locally accepting states. We further
study nested data class memory automata (NDCMA) [5], which are a refinement of the class memory
automata described above. These operate over nested data, first introduced in [1], which is data with an
additional hierarchical structure. We consider the weak variant of these automata, where the set of locally
accepting states is the set of all states, as this is necessary for decidability of emptiness.

Nested data can be expressed in different ways. One way (as used in [1,6]) is to consider words over
the alphabet ¥ x D¥ for a fixed k. Another interpretation (used in [5]) is to endow D itself with a forest
structure by considering a predecessor relation pred : D — D. These representations are equivalent as
there are effective translations from one representation to the other, as shown in [5]. In our work we make
use of the forest presentation, as our techniques follow those in [5].

Logics over nested data quickly become undecidable. Even with only two layers of nested data, two-
variable first-order logic equipped with x = y + 1 and & < y is undecidable. This was shown by a
translation to multicounter automata [1]. In this same paper, it was shown that restricting to only the
successor function results in a decidable logic, by a translation to shuffle expressions. A similar positive
result was established in [6], where the authors established ND-LTL, a temporal logic on nested data
words extending LTL by navigation along data values, which has a decidable satisfiability question. To do
this, they introduce prefiz-closed nested data automata (pNDA ), which turn out to be equivalent to weak
NDCMA [5].
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A key limitation to the existing models of automata over nested data is that the nesting is limited
by some bound k. In the tuple representation, this is because each tuple is of size k, and for the forest
representation this limitation arises as a bound for the depth of the forest structure of D. Therefore, an
interesting question to ask is whether this limitation can be lifted without introducing undecidability to
the automata. We present new models on nested data extending NDCMA, which allow for parsing of data
sets of unbounded depth and additionally have a decidable non-emptiness problem.

Given that NDCMA have been applied to obtain decidability results in the context of programming
languages [3,4], our hope is that our extension could unlock further decidability results in the study of
programming languages, as it would enable us to model unbounded creation of names, such as in loops.
To aid in this pursuit, and to understand these models further, we study further closure properties of these
automata, such as closure under complement, intersection and union. The talk will summarise the results
of the author’s master’s project, which is supervised by Andrzej Murawski.

2 Defining Automata Models over Unbounded Nested Data

We now present the ideas behind two new models of unbounded-depth NDCMA. Note that to allow new
data values to be available at any level, we require our forest to be infinitely full, that is there are infinite
roots, and each node has an infinite number of children. Our automata need a finite description, so given
some data value d € D with an arbitrary number of predecessors pred(d), pred?(d), ..., pred™(d) we need
to find a way to only consider some subset of a fixed size k of these predecessors.

One way we can do this is by matching with any subsequence of predecessors of d. Essentially, our

transition function is of the form A = U?:o A; where

Ai:QxExQ@x(QU{L})" = PQ).
Then, given a data value d and the current labelling function f : D — QU{_L}, a transition ¢ R AN q is
possible if d is labelled with p, and the path d = dy, dq, ..., d; = r from d to the root contains a subsequence
Ay s dmg,y - - -, dm,, Which has the labels p1,...,p,. We call such NDCMA memoryless NDCMA, as a node
does not discriminate between any of its predecessors.

While memoryless NDCMA are well-defined models for handling unbounded nested data, they are a
bit unwieldy to use. This is mainly because even if the automata is deterministic in the ‘usual’ sense,
meaning the image of A; is made up of singletons, a word can still have multiple possible runs due to the
nondeterminism in picking the subsequence of predecessors.

To allow for more control, we define a different model, referred to as k-memory NDCMA. As the
name suggests, in this model each node has a bounded size memory. Whenever a new data value d is
encountered, its memory is initialised based on the memory of its parent and the current state. Then, if
we see d later on in the word, we can decide how to transition based on the label of d, and the label of the
nodes in its memory. For this definition to work, we require that the memory of a new node is a suffix of
the memory of the parent, and bound the maximum size of the memory by k.

3 Closure Properties of Unbounded NDCMA

These automata both admit a decidable non-emptiness problem. Our technique to prove this extends that
of [5], which reduces non-emptiness of NDCMA to the coverability problem for well-structured transition
systems (WSTS) [8]. These are sets, equipped additionally with a transition relation — and well-quasi
order < satisfying an upward-compatibility property.

If the order < is decidable, and our WSTS additionally has an effective pred-basis, then the coverability
problem is decidable. The original proof makes use of the tree homomorphism ordering, which is a well-
quasi ordering over bounded depth trees. This is not a well-quasi ordering for unbounded trees, so it cannot
be used analogously for our unbounded NDCMA. Our two automata models require different approaches.
For memoryless NDCMA, we utilise the homeomorphic embedding ordering, which is a well-quasi order
on all trees by Kruskal’s tree theorem [7]. To handle k-memory NDCMA, we essentially extract a k-depth
tree from the memory of the nodes — allowing us to use the tree homomorphism ordering.
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Theorem 3.1 The problems of emptiness of memoryless NDCMA and emptiness of k-memory NDCMA
are reducible to the covering problem for a well-structured transition system with an effective pred-basis
and decidable <, hence are decidable.

Furthermore, we look at closure properties of these automata. The positive results about memoryless
NDCMA can be obtained using the typical power construction. It follows that they are not closed under
complement from the fact that CMA are not closed under complement.

Lemma 3.2 Memoryless NDCMA are closed under union and intersection, but not closed under inter-
section.

For k-memory NDCMA it is not as straightforward. These NDCMA are closed under union, using a
non-deterministic construction, however they are not closed under intersection as we can in fact obtain
the following undecidability result using a reduction to Turing machines.

Theorem 3.3 Given two (deterministic) k-memory NDCMA A, B, the problem of deciding if L(A) N
L(B) = @ is undecidable.

The theorem has the following consequences:

Corollary 3.4 (i) k-memory NDCMA are not closed under intersection.
(ii) Given two deterministic k-memory NDCMA A, B, it is undecidable whether L(A) C L(B).
(iii) Given two k-memory NDCMA A, B, it is undecidable whether L(A) = L(B).

It is still open whether it is decidable if £(A) = L(B) given two deterministic k-memory NDCMA A,
B. We summarise the closure results in the following table:

memoryless NDCMA  k-memory NDCMA  det. k-memory NDCMA  det. NDCMA [5]
Le X X v v
LiNLs v X X v
Ly U Ly v v X v
L1 C Ly X X X v
Li=1Ls X X ? v
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Abstract

We present HOLMS (HOL Light Library for Modal Systems), an evolving modular framework for mechanising modal
reasoning within the HOL Light proof assistant. Building on earlier work on Godel-Lob logic (GL), HOLMS introduces a
compositional architecture to formalise modal adequacy proofs and implement automated decision procedures for various
normal modal systems, currently including K, T, K4, and GL. To clarify the compositional nature of our framework and
illustrate how it bridges general-purpose proof assistants, enriched sequent calculi, and formalised mathematics, we highlight
some design choices and structural features of HOLMS, such as its use of the metalanguage, embedding strategies, and
modularity metrics.

1 Introduction

Modal Logic. Modal logic extends classical logic by going beyond the true/false dichotomy and in-
troducing operators that reflect non-truth-functional linguistic constructs, such as necessity, possibility,
knowledge, belief, or obligation. Its versatility spans domains as diverse as computer science, linguis-
tics, and normative reasoning. Various modal operators have proven capable of applications ranging from
knowledge representation and verification of consistency of normative corpora to multi-agent systems, as
well as modelling of decision-making. Notable examples include temporal logics, widely used in model
checking and system verification [7], and provability logic (GL), which formalises the notion of formal
provability within mathematical theories [5].

Proof Assistants and HOL Light. An interactive theorem prover, or a proof assistant, is a software
system designed to assist users in developing formal mathematical proofs.

HOL Light [19,20,21] is a proof assistant based on higher-order logic, distinguished by its minimalist and
elegant deductive system. It employs a simply typed lambda calculus and features a small logical core
consisting of three classical axioms, ten inference rules, and a powerful principle for definitional extensions.
This foundation ensures relative-reliability,! support for a broad range of formalisable mathematical
theories, and extensibility, allowing users to construct proofs using built-in functions and to program
and exploit new ones.

Mechanisation of Modal Logics. To mechanise a modal system means to develop formal and com-
putational tools to represent, analyse, and manipulate it. This problem has given rise to a rich body of

1 That is, reliability is guaranteed relative to the soundness of the logical core.
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literature, including theoretical contributions [25,29,1] and implementations within proof assistants. No-
table examples include Prolog formalisation of S5 and IS5 cubes [17,16], Lewis’s conditionals [15,14], and
non-normal logics [9,8]. Coq, too, supports intuitionistic epistemic logic [10] and classical modal systems in
constructive type theory [18]. HOL-based proof assistants have been used for formalisation in higher-order
logic of modal and temporal systems [20], and completeness proofs for some epistemic logics [11,12]. A
decision procedure for GL, developed by two co-authors of this paper [23,24], has been integrated into the
official HOL Light distribution, covering axiomatisation, relational semantics, and an adequacy theorem.

Despite a high degree of modularity, existing approaches lack tools for assessing portability across modal
logics and proof assistants, as well as metrics for evaluating compositional design. Extensible mechanisa-
tions have proven valuable in several contexts, such as formal analysis of complex normative texts, e.g.
European AI Act [22], hybrid AI [28], and formalisation of classical philosophical argument, e.g. Godel’s
ontological proof [2]. By leveraging our additional formalisation of adequacy results for the logics B, S4
and S5, we expect that HOLMS will also contribute to these applicative aspects of research in mechanised
modal reasoning in the future.

2 HOLMS Framework

HOLMS, which stands for HOL Light Library for Modal Systems, is the ongoing modular framework
we are introducing to enhance the capabilities of the HOL Light proof assistant in (automated) modal
reasoning. More concretely, we have extended the HOL Light deductive system with a new inference rule
(HOLMS_RULE) which automatically decides whether a given modal formula is a theorem of a particular
modal logic or, alternatively, constructs a countermodel. In its current state, HOLMS supports decision
procedures for K, T, K42 and GL, by implementing root-first proof search in the associated labelled
calculi. The modular architecture of HOLMS — described in the following sections — allows the user
to extend the library to cover the entire modal cube and, potentially, all normal modal logics. With
additional effort, the framework may also be adapted to support non-normal logics.

In this talk, we present the library from a general perspective, highlighting key design choices and structural
features of HOLMS. A more detailed and technically focused account is currently being refined. An earlier,
embryonic version of the framework was also presented at the international workshop OVERLAY 2024 [4],
shortly before the defence of the first author’s MA thesis [3]. An additional extension covering modal
adequacy of further normal systems within the so-called Ss-cube is available from our repository 7 and
discussed in a different communication paper, currently under review.

2.1 Implementation Choices

Metalanguage and Object Languages. In our formalisation of modal systems, HOL Light serves as
the metatheory, while modal logics are treated as object logics. This distinction requires the embedding of
an object language within HOL Light—one capable of explicitly differentiating between formal statements
of the modal language (e.g. OA — OOA) and statements about modal systems in the metatheory (e.g.
|- 'A. bgy OA — OOA).

HOL Light is implemented in OCaml, a functional programming language that also serves as its meta-
language. Through this meta-level, we can define and manipulate the deductive apparatus of HOL Light.
For instance, new inference rules can be encoded and executed via OCaml code such as HOLMS_RULE ‘!A.
Fre OA — OOA°.

Embeddings. When representing formal systems within HOL-based proof assistants, two primary tech-
niques are commonly used: deep and shallow embedding [6]. These two approaches differ in how they
encode syntax and semantics of the object theory within the host HOL-based metatheory; the former
requires the user to define a new type and an interpretation function to represent the embedded theory,
while the second inherits them from the metatheory.

HOLMS adopts a deep embedding of a standard syntax for modal logic and Kripke semantics, from which

2 The general mechanism provides a semi-decision procedure for K4. However, the literature on labelled sequent
calculi offers uniform solutions to this issue [13], which may be incorporated in future versions of HOLMS.
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it defines a general provability predicate and modularly proves adequacy results. To develop decision
procedures, it additionally implements a shallow embedding of Sara Negri’s labelled sequent calculi [26,27]
via HOL Light’s goal stack mechanism and embedded logics. Henceforth, in HOLMS we have three
interconnected presentations of (normal) modal logics: (i) axiomatic calculi; (ii) relational semantics—both
deeply embedded; and (iii) labelled sequent calculi-which we shallow embed in the goal-stack mechanism
of HOL Light as a certificate of correctness of the decision procedure behind HOLMS_RULE. The formalised
adequacy theorem lets us safely reduce the provability task for a given formula into the task of proving its
validity in the corresponding class of frames; the latter goal is solved (or refuted) by performing a root-first
proof search in the corresponding labelled sequent calculus shallowly embedded in HOL Light.

Modularity. HOLMS generalises the previously developed GL library [23,24], with the ultimate goal of
equipping HOL Light with a uniform mechanism for automated theorem proving and countermodel gen-
eration for modal logics. To do so, we developed the previously mentioned compositional implementation
methodology— which Figure 1 summarises—centred on a scalable and uniform proof of modal adequacy,
inspired by George Boolos’ proofs in [5, §5].

To precisely measure and enhance code modularity, we adopted a precise coding discipline, inspired by [30],
and distinguished between: parametric polymorphic code, fully independent of specific parameter instantia-
tions; and ad-hoc polymorphic code, whose components are tailored to the modal logic under consideration.
Figure 2 reports the measured modularity of the different components of the HOLMS implementation. Al-
though HOL Light lacks explicit mechanisms to support parametric and/or ad hoc polymorphism (unlike,
e.g., Isabelle/HOL), this distinction remains helpful in presenting the abstract structure of our formal-
isation and discussing the potential portability of our results to proof assistants that implement this
distinction through specific mechanisms. We remark en passant that the approach we have used in HOL
Light can be applied in other theorem provers. This possibility is mainly due to the simplicity of the log-
ical framework we relied on: HOL Light features a comparatively “weaker” logic, extended only through
basic extra/meta-theoretical mechanisms. The simpler the language, the broader the scope of possible
generalisation(s).

Axiomatic calculus= = =Frame class characterising modal schemas

Decision procedure Labelled sequent calculus

.. shallow embedding via a HOL Light rule for proof-search
=== formalised adequacy theorems
Parametric  Ad-hoc Polymorphic

Fig. 1. The implementation methodology behind HOLMS.

Syntax Parametric Polimorphic
Semantics Parametric Polimorphic
Correspondence Theory Concepts Parametric Polimorphic
Lemmata Ad-hoc Polimorphic
Soundness Parametric Polimorphic
Standard Model Parametric Polimorphic
Truth Lemma Parametric Polimorphic
Completeness Countermodel Lemma Parametric Polimorphic
Standard Relation Ad-hoc Polimorphic
Identification of the Standard Model | Ad-hoc Polimorphic
Type Generalisation Ad-hoc Polimorphic
Shallow Embedding Ad-hoc Polimorphic
Decision Procedure Ad-hoc Polimorphic

Fig. 2. Measure of the modularity of the implementation.
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Model-theoretic semantics defines logical consequence through models — abstract mathematical struc-
tures that interpret propositions and determine their truth. Following Tarski [14], a sentence ¢ follows
from a set of premises I' (written I' I- ¢) if and only if every model that satisfies all sentences in I' also
satisfies ¢. In this view, consequence, meaning and validity are all characterised in terms of truth.

Proof-theoretic semantics (P-tS) [13,15] provides an alternative approach to the meaning of logical
operators. It is based on inferentialism — a view according to which the meaning of expressions arises
from their use in the system of inference and is defined by the rules of said system. The meaning is thus
expressed in terms of proofs and provability: the concept of truth in model-theoretic semantics is now
substituted with that of proofs.

One major branch of P-tS is base-extension semantics (B-eS) [9,10,11,12]. The central notion of B-eS
is a fixed atomic system — a set of inference rules over atomic propositions — called a base (B); said rules
can be seen as fixing the inferential roles or meanings of those atoms. The characterisation of consequence
in B-eS is given via a judgement called support (IFg), which is inductively defined on the structure of
formulas, with the base case (i.e. support of atoms) determined by provability in a base. The support
relation mimics the compositional nature of meaning, as in model-theoretic semantics, but it is defined in
terms of provability rather than truth in a model. In B-eS, the meaning of complex formulas is determined
by their structure and the support of their subformulas, beginning with the proofs of atoms in a base. The
validity is defined through the quantification over all bases:

TIF¢ iff Tlkg o for all B

B-eS has been given to a number of intuitionistic and substructural logics (see, e.g. [12] for intuitionistic
propositional logic (IPL), [2,6] for intuitionistic linear logic (ILL) and its fragments, [7] for logic of bunched
implications). Sandqvist [11] has given a B-eS for classical propositional logic (CPL); his semantics gives
clauses to implication (—) and L, while not admitting disjunction (V) as a primitive. This has been
viewed as a limitation by Makinson [8] and inspired Gheorghiu and Buzoku [4] to give an alternative B-eS
for CPL. They view CPL as IPL together with a duality and, while keeping the clauses of [12], work with
literals — atoms together with their duals — as opposed to just atoms. According to Gheorghiu et al. [5,6],
B-eS can be smoothly given to logics whose natural deduction systems exhibit a certain harmony; while
such property holds for intuitionistic logics, it is lost in the classical case with rules such as reductio as
absurdum. As a result, the methods used to develop B-eS for intuitionistic logic cannot be directly applied
to classical logic, which gives rise to different approaches to B-eS for CPL.

In the case of the multiplicative-additive fragment of (classical) linear logic (MALL) [1], B-eS has been
given by uniformly restricting the clauses for the connectives in ILL [2]: instead of demanding support of
an arbitrary atom, one demands the support of L (which is considered atomic in said approach). Such
shape of the clauses allows for the semantic reductio ad absurdum, hence allowing for the semantics to
mimic classical consequence. This approach is the starting point of this talk.
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Shifting the perspective back to classical propositional logic, we will try to both simplify said approach
and make it closer in spirit to the established treatment of B-eS. First, recalling the inductive definition
of the support relation, we apply the restriction solely to the base case. Secondly, we return to treating L
as a connective, as done in [12], following Dummett’s [3] view of falsity as logical explosion. The base case
thus becomes defined not in terms of support of atomic bottom, but in terms of provability of all atoms.
Finally, the restricted definition of the base case (both in [1] and in the currently discussed approach),
makes the extension of derivability in a base to the full language no longer conservative (as opposed to the
usual treatment of B-eS); more atoms are supported than provable in a base. We will discuss whether it
is possible to tackle this by keeping the base clause as in [12] and defining a separate relation for formulas
defined in terms of provability of all atoms. Finally, we will reflect on the similarities and differences of
our approach with those in [11] and [4] and try to make a connection with both of them.
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Abstract

Starting from Goodman’s concept of a notation system, this essay presents the analogy between the process of learning logic
and the process of alphabetization in children as a metaphor to guide our logic teaching. This perspective draws our attention
towards the formal languages and deductive systems in use in an introductory logical course. In particular, it focuses on the
process of learning to construct a proof in a deductive system. It proposes a notational analysis of these systems in light of
teaching logic in an introductory course.

1 Introduction

Taking Nelson Goodman’s conception of a notation system and applying it to deductive systems, we
obtain an innovative way of understanding these systems that has interesting repercussions for teaching
logic. Under the notational perspective, focused on visual and mereological considerations, proofs do
not appear only as a purely syntactical product, but rather as the result of a process of using strict
combination rules. The notational analyses of deductive systems promote an analogy between the process
of teaching and learning to construct proofs and the process of alphabetization. This analogy brings us
to a socially oriented conceptualization of logic education, that addresses human relationships and takes
into account the history and culture of logic. Such an approach focuses on dialogue and cooperation,
respect for differences, and a careful accompaniment of students in addition to fostering their autonomy.
This paper puts forward a socio-constructivist perspective on logical knowledge, logic students, and logic
teachers, along with a visual and mereological conception on deductive systems.

Under Vygotsky’s socio-constructivist theory [1], logical knowledge is understood as the result of a
social process of construction by logicians throughout the years. Symbol systems like formal languages and
deductive systems are understood as tools constructed to mediate between logicians and the world. These
mediation tools, despite being constructed to transform the world, have the main effect of transforming
their users and creating a particular way of seeing, thinking, and acting on the world [2]. Following
Vygotsky’s perspective, we conceptualize formal languages as tools used to interact with and make sense
of the world, but also as tools that shape us. In this sense learning to use a deductive system and a formal
language is a matter of internalizing a social way of seeing, thinking, and acting on the world.

The main goal of this paper is to propose a conceptualization of exactly what this logical way of seeing,
thinking, and acting entails. To do this, we turn to the education literature focused on the process of
learning to use a symbol system like written languages. We propose the metaphor of learning to construct
proofs in a deductive system as learning to read and write logically.

To do this, we take into account a bibliography on notational theory to understand the internal function
of deductive systems and the rules of combination of characters to get a proof. These considerations give
us a series of rules to follow that students must master to construct a proof, but not on how to master
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them. The bibliography on alphabetization and the general socio-constructivist theory of learning allows
us to propose a conceptualization of the process of learning to construct proofs.

2 Symbol systems

By “reading logically,” we mean understanding a proof in a certain way, abstracting, dividing, constructing
individuals, and grouping them in a certain way. By “writing logically,” we mean putting symbols on a
sheet and arranging them in a particular way. These categories come from an analogy between the process
of learning logic and the process of alphabetization proposed in this paper.

The use of alphabetization (or literacy) bibliography provides us with a framework, structure, or guide
to propose a conceptualization of what it entails to learn logic [3], [4], [5], [6], [7]. For example, this
bibliography proposes that one of the first processes in alphabetization is that of differentiating between
one’s drawings and a written object. In analogy, in logic, a student must learn to differentiate an image
from a proof. Therefore, the process of adopting a way of reading and writing a proof is understood as
the process of seeing a proof from an image. This means constructing a proof as a logical tool.

In the theory of notation, another literature that focuses on written language or symbol systems, we
find the discussion of what differentiates an image from a writing. Nelson Goodman [8] answered that,
where images’ marks are dense, the characters in symbol systems are discontinuous because there are
spaces that allow us to distinguish between one mark and the other.

Goodman proposed a technical terminology to analyse symbol schemes [8]. In a sheet, we find visual
‘marks’ like “p”, “1” or “D”, a mark becomes an ’inscription’ when it belongs to a 'character’. In a symbol
scheme, every mark is syntactically indistinguishable from the marks that belong to the same character.
We can then distinguish between types of characters and bring together the letters of the alphabet as
non-logical symbols “p, q, r, s”, the connectives as logical symbols “D”, “&”, “=”, “V”  “~” and the
auxiliaries “(, )”. These types of characters are then combined by rules of combination, in logic, the
rules of well-formed formulas. A student must learn the rules that govern the construction of well-formed
formulas, as well as they must learn the rules that allow them to go from one combination of characters
to another: the rules of inference.

Nonetheless, this isn’t enough to get a proof, as this construction is done inside a particular structure:
a deductive system [9]. A deductive system forces us to take into account other characters and rules in
addition to those of a formal language. For example, the deductive system proposed by Jaskowski [10],
Gentzen [11], and Fitch [12] makes use of vertical and horizontal lines as marks, characters of the numeric
system “1, 2, 3, 4...”7 and the use of marks like “-” and “”. We can call these characters ’extras’ or
particulars’ of a deductive system.

Logical symbols, non-logical symbols, auxiliaries and extras are arranged according to the particular
ordination rules of a deductive system. Kramer [13] expands Goodman’s notation theory, focusing on the
use of ordering in symbol systems. For the author, written language exploits the two-dimensionality of the
surface it is written on, this means that it is informative if a formula is written at the top or bottom of
the sheet and if it’s written to the right or left of a character. The ordination rules of a deductive system
control the arrangement of symbols in a sheet, for example, a proof in Gentzen’s system is arranged
horizontally while a proof in Jaskowski’s system or Fitch-style system is arranged vertically.

Given this formal description of a proof in a deductive system, we must say that for a student to learn
logic, they must learn to use a formal language in a particular way: use limited characters, combine and
transform them in a regular way and organize them in a particular structure. Now, there is also another
dimension to formal languages that comes from taking into account the use of these symbol systems.
Schlimm expands Goodman’s theory of notation and proposes a series of criteria for analysing a symbol
system; we will only focus on one: verbalization [14]. Written formal languages are verbalized in oral
natural languages in the process of teaching logic when we name and describe proofs. In this process,
we construct parts of proofs: we talk about ’steps’, formulas’, 'premises’, ’conclusions’, ’justifications’,
’suppositions’, ’subproofs’, etc. (for an example see [12]). Therefore, learning to read and write logically is
not only a matter of putting symbols in the right place but also of grouping characters as an articulation
of parts.
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3 Learning and teaching logic

The literature on notational theory allows us to understand the ideal of what a student must learn and
how they must read and write a proof to understand it logically. This theory specifies the composition
rules of formal languages and deductive systems. This gives us a clear view of what we want students to
learn, but not of how they can learn it and not of how we can teach them. We expand this analysis to the
socio-constructivist theory to fill in this gap.

As well as knowledge, in the socio-constructivist perspective, the process of learning takes place in a
social environment. Vygotsky’s theory conceptualizes this process as an internalization of knowledge in an
interpersonal dialogue [2]. Bruner understands this dialogue as narratives shared by the teacher and the
students [15], [16]. Then, knowledge needs to be transformed to take place in a conversation. Following
this perspective, in logic, we find the interaction between the rigid and established rules of deductive
systems and the ambiguity of natural language, narratives and social context. Nonetheless, these social
aspects of the process of learning and teaching logic do not distort logic’s formality but rather make it
accessible.

The internalization of a logical way of seeing, thinking, and acting is not a passive process for the
students, but rather an active process of construction of meaning and hypothesis [6], [7]. Students do not
construct a formal language (as it was established, this tool was constructed by many people throughout
many years), but they do construct an interpretation or narrative above this system [16]. Such inter-
pretations can encounter difficulties when interacting with the rules of logical tools; for example, a logic
student who holds the narrative that every argument can be proven will encounter problems with their
narrative when dealing with invalid arguments. In this sense, seeing, thinking, and acting logically is a
matter of adopting the interpretation that logicians construct of these systems. Finally, this adoption
is not, once again, passive, but critical. Critical thinking requires giving students a certain amount of
freedom in constructing their narratives, which could result in questioning established logic. Under the
socio-constructivist theory of learning, teaching does not aim to form passive and repeating agents, but
rather to form critical and reflective investigators [17].

The process of teaching logic is understood as the effort to bring into dialogue the narratives established
by logicians and the various narratives that are in the process of being constructed by logic students. The
logical way of seeing, thinking, and acting, already internalized by the teacher, needs to be in conversation
with the way of seeing, thinking, and acting that students are constructing by interacting with knowledge
and logical tools. A logic teacher has the role of sharing the logical way of reading and writing proofs,
as well as recognising the interpretations of their students, and pointing out, when needed, the difficulties
in these interpretations. It is in this sense that logical knowledge is shared by dialogue between teachers,
students, their respective interpretations, and the formality and necessity of proofs themselves.

In conclusion, this approach to logic teaching is centred on the social interactions in a logical classroom.
The recognition of student’s active role in constructing their own understanding of the rules of a deductive
system through the dialogue with their teachers, their peers, and indirectly with the rest of society allows us
to take into account both the regularities of logic itself and the autonomy and critical thinking of students.
Vygotsky’s and Bruner’s perspectives on the centrality of dialogue in the learning process allow us to take
into account a cooperative perspective on classroom interactions and logic [17], as it is discussed in the
feminist perspectives on argumentation [18]. This socially oriented perspective on teaching and learning
logic prioritizes caring tasks that have historically been neglected. In this sense, the logic classroom is
understood as a place where strict and necessary rules meet with a cooperative dialogue between humans.
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Abstract

Electronic voting (e-voting) requires a trusted setup to initiate an election process.
This setup must be transparent to maintain the integrity of the election. A crucial aspect
of this trusted setup involves generating group generators for a finite cyclic group, which
are then used in cryptographic algorithms deployed within the voting system. Although
computing group generators is generally not considered a difficult problem, election verifi-
ability — where every step can be ascertained by independent third parties — excludes many
of them, as they fail to provide verifiable evidence of correctness. In this work, we present
a formally verified implementation of the group generator algorithm A.2.3 and the group
generator verification algorithm A.2.4, specified in the National Institute of Standards and
Technology (NIST), FIPS 186-4, in the Rocq theorem prover. These two algorithms are
highly sought-after methods to compute and verify group generator(s), respectively, be-
cause their outcomes can be established independently by third parties. Our formalisation
captures all the requirements specified in algorithms A.2.3 and A.2.4 using the expressive
type system of the Rocq theorem prover.

1 Introduction

In recent years, e-voting — using computer programs in some aspect of an election — is becoming
more popular because it addresses challenges such as accessibility, efficiency, and scalability in
modern elections. For example, France and Switzerland use internet voting (i-voting) to include
their overseas voters, ensuring inclusivity and convenience in the decision-making process. India
and Brazil use electronic voting machines (EVMs) to record and tally ballots, making the
process faster and more reliable in large-scale elections. Australia uses a computer program
— that implements the single transferable vote (STV) method — for declaring the results of
its senate elections, ensuring accurate and efficient processing of preferential ballots. However,
there is a history of bugs, varying from trivial to critical, in e-voting software programs employed
in democratic elections, e.g., Scytl/SwissPost [HLPT20] (used in Switzerland), Voatz [SKW20]
(used in West Virginia, USA), Democracy Live Online Voting System [SH21] (used in Delaware,
West Virginia, and New Jersey, USA), Moscow Internet Voting System [GG20] (used in Russia),
and iVote System [HT15, CBNT17] (used in New South Wales, Australia). Most software
programs establish their correctness through testing, but it does not cover all possible scenarios.
Moreover, these software programs are proprietary, so members of the general public, including
researchers, are not allowed to inspect them [Aus13]. We argue that all components of e-voting
software programs should be developed with utmost rigour using existing formal verification
techniques. Additionally, these components should be open source, allowing anyone to inspect
the code and independently verify any claims made about it.

2 Our Contribution

In this work, we focus on the problem of computing independent generators, specifically in
the context of e-voting [HLPT20]. Algorithm A.2.3 is a well-established method for computing



Formally Verified Verifiable Group Generators Mina A.Cyrus

independent generators. It takes public data as input and produce generators. This public data
is made available on a public bulletin board so that any third party can verify the correctness
of the process. The rationale is that when two generators g and h are produced by some public
data, it becomes difficult, or computationally infeasible, to determine their discrete logarithm.
In this formalisation, we translate the English prose describing algorithms A.2.3 and A.2.4
into formal implementations using the Rocq theorem prover [Tea22]. Consequently, all the
correctness assertions originally expressed in English prose are transformed into theorems that
must be formally proven within the Rocq system. By employing the most precise system
available — formal systems based on constructive logic — we implement algorithms A.2.3 and
A.2.4 into computer programs, thereby significantly reducing the gap between the theory and
practice. Our formalisation, available at this repository', comprises 5000 lines of Rocq code
and proofs for the following:

1. implementation of A.2.3 with a correctness proof that it always produces correct genera-
tors.

2. implementation of A.2.4 to validate generators computed according to A.2.3.

3. implementation of the SHA-256 (FIPS 180-4) [Nat15] hash algorithm, required in A.2.3
and A.2.4.

4. implementation of the Fermat’s little theorem, needed to prove the correctness of A.2.3
and A.2.4.

2.1 Proof of Correctness

Theorem generator_in _range_2_p asserts that the value returned by Algorithm A.2.3 (compute_generator)
lies strictly within the interval [2,p — 1]. Theorem correct_compute_generator guarantees

that the generator g returned by compute_generator satisfies the relation g =1 mod p, con-

firming that g generates a subgroup of order ¢ within Z;; this result follows as a corollary

of Fermat’s Little Theorem. Theorem generator_verifier_correctness ensures consistency

between Algorithm A.2.3 and Algorithm A.2.4 (verify_generator): a value g is returned by
compute_generator if and only if verify_generator g returns true.

Listing 1: Correctness of generator algorithm and its connection with verification algorithm

Theorem generator_in_range_2_p : forall (g : N),
g = compute_generator -> 2 <= g < p.
Theorem correct_compute_generator : forall g,
g = compute_generator -> g°q mod p = 1.
Theorem generator_verifier_correctness : forall g,
g = compute_generator <-> verify_generator g = true.
Theorem fermat_little_simp : forall a p : nat,
prime p -> a"p mod p = a mod p.

Thttps://github.com/Artunis/Formally_Verified_Verifiable_Group_Generator
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Abstract

Language is not only a tool for communication but also a way of acting. In his theory of speech acts, Austin [1] argued that
people can do things by speaking, which can bring about effects in our lives. However, most existing research approaches
adopt the listener’s perspective, contemplating how speakers should express themselves to ensure the effectiveness of their
speech acts. As a result, there is a failure to adequately explain why listeners often feel being led in response to the speaker’s
intention, and why they might agree with the speaker outwardly when they actually disagree inwardly. To address this gap,
this paper adopts the phenomenological framework of self-consciousness to explain how speakers capture and shape listeners’
responses in order to promote successful speech acts. We further introduce a dynamic logic model to formalize this process
and to examine the capturability of listener responses. The main contribution of this study lies in the construction of a
logical system—based on default logic—that enables discourse agents to engage in inside-out analogical reasoning grounded
in common sense. The ultimate goal is to simulate how external stimuli trigger responses within the agent’s internal mental
world.

1 Extended abstract

The complexity of human natural language transcends mere sound production, expression, and informa-
tion transmission; it fundamentally encompasses intentional human behavior. Austin [1] describes this
behaviour, which is implemented through speech via “speech acts,” underscoring that speaking not only
serves to communicate information but also functions as a tool for executing specific social actions. He
argues that when people speak, they simultaneously engage in three different levels of speech acts: (1)
The locutionary act, where the speaker expresses words, conveying the meaning defined in the language.
(2) The illocutionary act, which means achieving a specific action through the speech, such as making a
promise, taking an oath, or issuing a warning. (3) The perlocutionary act through the utterance, that
is, the consequences or effects a speech act brings about. Since the meaning that people convey is not
always literal, the speaker’s illocutionary acts are not always understandable through the semantic content
of the sentence content alone. The difficulty that arises is that different interpretations of the speaker’s
illocutionary acts may affect the successful performance of the speaker’s speech acts and their intended
outcomes. Therefore, it is important for speakers to ensure that their illocutionary acts are accurately
understood by the listeners. This raises the question: what makes a speech act successful? We identify
four essential steps involved in the process: (i) Triggering the listener’s internal reaction through specific
utterance stimuli. (ii) Transforming personal psychological intentionality into the listener’s psychological
experience. (iii) Fostering a sense of consensus with a goal. (iv) Revenging on her husband as a response
to the words she heard.

In this way, the speaker infers inner mental states, such as beliefs and emotions, through external
reactions, by understanding how such states give rise to observable behavior [2, p. 488].
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Dialogue is an interactive process that requires participants to respond instantly, often relying on their
own knowledge bases to interpret others’ verbal and non-verbal behaviors. Speakers must quickly assess
whether their communicative intentions have been correctly understood. When new information suggests
a mismatch between intention and interpretation, it becomes necessary to adjust one’s speech strategy in
order to achieve goals such as persuasion. Such reasoning, by nature, is uncertain and context-sensitive.
To formally model this mechanism, we introduce modal default logic, a form of nonmonotonic logic, to
account for how speakers draw conclusions under incomplete knowledge conditions. Originally introduced
by [3], default logic allows agents to make tentative inferences based on consistent assumptions, which
are retained unless contradicted by new evidence. This framework captures the defeasible and revisable
nature of human reasoning in dialogue. Default logic has been widely applied in fields such as knowledge
representation, logic programming ([4]), and medical diagnosis ([5]). In this study, we adapt its modalized
form to represent how speakers reason about belief, intention, and response during real-time interaction.

2 Syntaxtic system

2.1 Language

Definition 2.1 [Formulaes] The set of formulas (terms) F is defined inductively as follows:

Fo¢u=p|T|L|=¢|¢AY|6V[6—¢]¢>¢|Kad| Bab |lcaps[g]v

where p € Var. [ is a finite set of agents, a, b € I are two agents in a private conversation.

Propositional variables can be facts and prerequisite information grounded in common sense; — !

denotes the default implication concluded from using the default rules, its binding strength is weaker than
that of all other connectives and doesn’t satisfy the law of exportation; K,(¢) denotes that agent a knows
¢; B,(¢) denotes that agent a believes ¢; ! is a dynamic operator; !, p~[¢]1) denotes the possibility that
action v will be executed in the future or now after agent a tells agent b proposition ¢, in which < a,b >
is an ordered pair. ! can be introduced into different types of speech act, such as commanding, requesting,
asserting, etc.

K and B here are treated merely as cognitive conditions in the current state and have truth values
only relative to this current state. K indicates the agent has the ability of introspection, K¢ is true if and
only if ¢ is a fact that can be observed. B¢ means that the agent believes that ¢ is consistent with his
own current knowledge base. And B,¢ is true doesn’t mean that ¢ is true.

2.2  Axioms and inference rules

Let A =(D,W) is a closed default theory where D is a set of defaults and W is a set of closed wifs. The
system includes all the standard axioms of propositional logic, modal logic S5 and is closed under uniform
substitution and modus ponens. The system also contains the following axioms and rules:

Axioms:
(1) Ba(¢ = ) A Ba¢p — Batp
(2) T<ap>[0](¥ A X) = (l<aps [D](¥) A <a > [0 (X))
(3) l<a, b= [8](Y VvV x) = (! ‘<a,b> [¢](¢)\/!<a,b> [9](x))
(4) '<ap>[Bl(¥ = x) = (<ap>[P)(¥) = cap>[D](X))

Rules:

¢ ¢ — 1
Ka¢(Nec) 7}{@@5 K. (Mon)

¢ (prerequisite) : 1, -+ iy (justifz'cations)( <
n
X (conclusion) -

1)(General default rule)

L Tt was first introduced by [6].
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Abstract

Modus ponens is one of the most basic reasoning rules in both formal logical systems and argumentation. Like conjunction and
disjunction in logic, it serves as a formal representation of the abstract laws of human thought. It is a widely used reasoning
rule, applied explicitly in disciplines such as logic and computer science, and implicitly in daily reasoning, writing, dialogue,
and thought processes. However, in 1895, Lewis Carroll put forward the “Carroll Paradox” [3] arguing that any reasoning
rule used in the process, including modus ponens, would lead to an infinite regress in reasoning. This sparked debates in the
field of logic about whether modus ponens is a valid rule of reasoning, especially in the face of challenges from the philosophy
of non-classical logic.

In this paper, we will defend the validity of modus ponens as a fundamental rule of reasoning. We begin with the definition
of the validity of modus ponens: it is a truth-preserving inference rule, meaning that if the premise p — ¢ and its antecedent
p are both true, then the succedent ¢ is not false [10] [4]. Only cases where true premises yield a false conclusion serve
as effective demonstrations of its invalidity. To provide a more comprehensive defense of the validity of modus ponens, we
classify and analyze various types of counterexamples, including those involving indicative conditionals [8], counterfactuals
[7] [11], and subjunctive conditionals [3]. Although some scholars have offered defensive responses to certain counterexamples
[9] [5] [1] [6], no existing work has provided a systematic refutation of all types. Moreover, several important aspects of these
counterexamples have not been fully analyzed or addressed in the literature. This paper fills this gap by classifying the known
counterexamples into distinct types, offers new insights into overlooked issues and examining, in detail, the specific reasons
why each of them fails. In doing so, the paper argues that both critics and defenders of the validity of modus ponens must first
clarify the meaning of validity using methods from analytic philosophy to engage in a meaningful discussion. Since validity is
a logical term, this clarification should be made from a logical perspective and adhere to logical consistency.

Overall, the defense presented in this paper consists of the following points. First, the misunderstanding of the validity of
modus ponens and lacking sufficient justification due to the subjectivity of rational cognition frameworks and their inability
to provide clear, objective criteria for evaluating logic. Second, the inherent vagueness and ambiguity of natural language,
misinterpreting non-contradictory statements as contradictory or making inferences based on incorrect or incomplete condi-
tional statement. This underscores how much of the debate surrounding modus ponens is rooted in the complexities of natural
language and the failure to articulate propositions rigorously, rather than flaws in the logical rule itself. Third, placing the
premises and conclusion in different contexts undermines the principle of identity. Upon formalizing such a counterexample,
it becomes evident that the succedent of the conditional statement prior to the contextual shift and the consequent after the
shift cannot be denoted by the same symbol. As a result, the falsity of the succedent cannot be established, and thus the
invalidity of modus ponens cannot be proven. Lastly, intriguing discussions about artificially constructed possible worlds,
which they mistakenly attribute to problems with modus ponens. This both constitutes a violation of the principle of identity
and unnecessarily complicates the issue.

This defense concerns the very foundations of logic as a discipline. Modus ponens is akin to an axiom within logical systems,
abstracted from natural language into a universal formal structure. Therefore, modus ponens serves as an indispensable
foundation for reasoning, argumentation, and the construction of formal proofs, and such a fundamental logical principle
should not be subject to skepticism.

1 Introduction

Ancient Greek skeptics believed that all principles must be proven through other means and that nothing
in the world is self-evident. So, does modus ponens, which serves as a starting point for logical reasoning,
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also require proof to establish its validity, as the skeptics would argue? Looking at the research results of
previous scholars, it is clear that they are based on different philosophical backgrounds, for example, such
as epistemology and possible worlds, but more often due to the ambiguity of natural language expressions.
It should be noted that the scholars who have proposed counterexamples have not completely denied the
validity of modus ponens. They all acknowledge that, in certain specific contexts, the validity of modus
ponens in formal logic—where a valid argument guarantees that, in every case where all premises are true,
the conclusion must also be true—then the focus shifts to derive and verify conclusions based on the axioms
and rules within the logical system. This process involves determining whether the conclusion necessarily
follows from the premises, rather than assessing its truth or falsity in terms of external semantics. In this
case, the modus ponens rule is obviously a valid reasoning rule. However, if we step away from a fine-
grained formal concept of validity and instead adopt other coarse-grained concepts rooted in subjective
judgments of understanding and belief within the context of natural language, then the validity of modus
ponens indeed becomes a question open to challenge.

Modus ponens, also known as the rule of detachment or the rule of affirming the antecedent or the
conditional elimination rule, dates back to ancient Greece ' . In The Oxzford Dictionary of Philosophy and
The Philosopher’s Dictionary, modus ponens is defined as “Any argument taking the form: If p, then ¢;
p; Therefore, ¢.” 2 and “A rule of correct deduction of the form: If p then ¢; p; therefore ¢.” 2 That is,
in the following form.

p—q p
q

It is important to note that when the antecedent p is false, the modus ponens rule remains valid
regardless of the truth value of the succedent ¢q. This is because, by definition, the validity of modus
ponens is solely determined by the truth-table of the conditional statement. In a conditional statement, if
the antecedent is false, the entire statement is considered true.

L Tt is generally believed that Theophrastus and Eudemus were the earliest Greek philosophers to clearly describe
and use the modus ponens rule. See: Bobzien, Susanne, “Ancient Logic”, The Stanford Encyclopedia of Philosophy
(Summer 2020 Edition), Edward N. Zalta (ed.), URL=jhttps://plato.stanford.edu/archives/sum2020/entries/logic-
ancient /.

2 Blackburn S. The Oxford Dictionary of Philosophy [M]. OUP Oxford, 2005. p.238.

3 Martin R M. The Philosopher’s Dictionary-Third Edition [M]. Broadview Press, 2002. p.200.

2
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Abstract

In the context of automating ethical rules in digital machines, in this paper, we investigate the dissimilarity between possibility
and probability of ethical rules and re-evaluate the possibility/probability principle introduced by Zadeh in light of ethical
evidence. Then, we consider a fuzzy logic interpretation to represent the precision and fluidity of ethical behaviors.

Keywords: Ethics, Formalism, Fuzzy Logic, Possibility, Probability, Robotics

1 Ethics, Possibility or Probability

The degree of compatibility of a property with elements of a set can be best described by possibility.
Some properties are technically feasible and possible, but their chance of occurrence is unlikely, or, in
other words, they have a very low likelihood and are not probable. The deep-seated nature of ethi-
cal rules in natural language is imprecision, gradability, and being inclined to possibilities rather than
probabilities. The system needs to know the possibility of making ethical rules happen rather than
their likelihood. Moreover, uncertainty about the dependency of ethical rules confined us with the par-
ticularly challenging decision about the union of events, and it seems that choosing a powerful ethical
rule is more compatible with Possibility (U, (ej)) = Vi, Possibility(e;) = max! ; Possibility(e;) than with
Probability (U, e;) = Y p_,(—1)k+! Y i<iy <o <ii<n Probability(ﬂ;1 e;;). In the ethical context of users’
privacy and their preferences, consider the following example of healthcare robotics. A user has manifested
the requirement to not be undressed when the curtains are open. Let us define Poss(x) as the degree of
possibility and Prob(x) as the probability that a user is dressed in x when the curtains are open, respec-
tively. Let the user choose a threshold of 0.8 for expressing the state of being dressed and let her express
the grading for her type of clothing at home according to her convenience with open curtains as follows:
Poss(Tops such as T-shirt, shirt, blouse, sweatshirt, etc.)=0.4, Poss(Bottoms such as skirt, pants, leggings,
capri pants, etc.)=0.5, Poss(Dresses such as sundress, evening dress, gown, etc.)=1, Poss(Sleepwear such
as nightgown, robe, etc.)=0.8, Poss(Accessories such as jewelry, sunglasses, watch, etc.)=0, Poss(Others
such as socks, hat, belt, tie, etc.)=0.1. Now we can observe that using the possibility is closer to reality
than using probability. The chance of wearing socks is more likely than the chance of wearing a sundress
in winter, while the user considers a sundress as a complete dress and socks very far from the threshold.
Moreover, wearing 10 pairs of socks does not mean getting dressed; the possibility of dressing style means
the maximum amount of possibilities that is assigned to the garments on the user’s body.
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1.1 Inconsistency

We believe that in the heuristic observations leading to reach the possibility/probability consistency by
Zadeh[6], ethical considerations that diverge the consistency were not taken into account. Not always a
reduction in possibility reduces the probability. The diminution of possible concrete choices may corre-
spond to a diminution of probability, but human preferences are not concrete. The degree of consistency
v = XxPoss(x) x Prob(x) may change depending on user’s changing preferences. Restricting the wardrobe
of the mentioned user to a finite universe, consider the probability of her dressing style, which may vary
by climate change. The probability of wearing socks in cold weather is much greater than its probability
in hot weather, while the possibility has been graded a constant by the user. The same goes for the other
elements of the universe, and by dropping the relation between possibility and probability due to unstable
probabilities, we meet divergency in the degree of consistency, or rather, inconsistency of probability and
possibility as a consequence.

2 The Need for Fuzzy Logic

Now consider that the user wants the robot to open the curtains when she is highly distressed, although
she has not reached her defined threshold. Expressing ethical requirements from natural language to a
formal and logic based language needs accuracy and precision. Words such as “highly” and “distressed”
are not definite and obvious. “Highly distressed” is an expression in natural language that is not precise,
and its possible existence depends on some circumstances [2]. For mapping imprecision to precision, we
use fuzzy logic that can assign all possibilities to a degree between zero and one. Fuzzy logic has been
extended to handle the concept of partial truth, where the truth value may range between completely true
and completely false. According to the non-absolute and partially true nature of ethics, we propose fuzzy
logic, which can handle infinite degrees of truth. We tried to formalize ethical rules according to the fuzzy-
rule based system by changing the pivotal logical connective and avoiding ambiguity [3]. [1] discusses the
results of the implementation of a questionnaire composed of some scenarios with ethical implications that
users may encounter in their daily life to make decisions. Users reply to scenarios by Yes or No and justify
it by weighting four parameters. Consider the following scenario (Fruit scenario) and its four justification
parameters. There are trees with ripe fruit in a private park with private access. The gate is open, and there
are no people around. Do I go in and steal some? p1:How much did the potential consequences of the action
on others weigh on my choice? po: How much did the potential consequences of the action on me weigh on
my choice? p3: How much did my personal experiences weigh on my choice? ps: How much did respect for
the law weigh on my choice? [5] has reported two questionnaires of [1] and implicitly employed possibility
rather than probability in weighting their parameters. Users can weight the parameters as their preferences
(possibilities). The scenario may stress on one or some of the parameters and the singleton set of parameters
that the scenario puts the most pressure on, is the maximum of parameters. Weighting parameters justifies
users Yes or No answers, and this justification is judged by soundness checking through the soundness
function SOUNDJ(SCENARIO, RESPONSE, JUSTIFICATION) = {T, L}. In Fruit scenario, consider
two justifications of parameters as follows, where weights can be integers ranging from 1 to 5: (1,1,1,1) and
(5,3,2,5). SOUNDJ(Fruit, No, (1,1,1,1)) = T elicits answer No and SOUNDJ(Fruit, Yes, (5,3,2,5)) = L
has no elicitation. Our Fuzzy approach is not limited to binary outcomes. For instance, truth values
could come from a more nuanced set of options, such as true, not true, very true, less true, almost true,
and more. We improve the process by fuzzy logic and reduce the complexity by refining the soundness
verification. A fuzzy system is composed of fuzzification, a section of fuzzy rules and inference engine,
and defuzzification. In fact, in our mentioned Fruit scenario, decision-making depends on the result of the
defuzzification step, and there is no need for sound justification. The fuzzification process assigns some
linguistic variables such as Low, Medium, and, High to each possibility by the suitable (we propose the
trapezoidal) membership functions. For the Fruit scenario, in case of weighting parameters on the same
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scale, the membership functions of four parameters in the states of low, medium, and high are as follows:
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Fig. 1. Fuzzy Trapezoidal membership functions

In this scenario, we can have at most 3* (four parameters and three linguistic variables) fuzzy rules
based on our proposed trapezoidal membership functions such as R; : fip;, A fipis A fpis N fhpiy — Ppys , Where
Pps; € {’upijLOw"u’pijjwedium),upinigh} for {i = 1,---,n} ( with n < 3%). Since our fuzzy control rule is a
function of input parameters, we use the defuzzification method introduced by [4] and when the user in a
similar scenario weights these parameters as {w1, we, w3, w4}, the defuzzification process gives a crisp value
£y min (g, (1) iy (w2) ip (w3) gy (w4) ) X iy (w1 w2 w3 w4)

2?:1 min (.U‘Pil (wl)ﬂ“piz (w2):#pi3 (w3)7:u'pi4 (w4))
output can decide an answer YES or NO for the user.
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and interpretation of this value to a linguistic
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